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Ky = E(Kmax - Kmin)9 A =7 (Knax — Kuin) (1 1)

fA)=a+bA+cA=
0.32279550 + 0.10489340A — 0.000074444753A2 (12)
f(A)=a +bA+cA=
0.32599640 + 0.10469083A — 0.00012134730A2 (13)
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Euler Solutions for Delta Wings
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Nomenclature
=wing semispan
=speed of sound
= Mach number
. =Mach number of velocity component normal to ray
from wing apex

xx° @

M, =Mach number of velocity component normal to up-
stream side of shock

p = pressure

S, = (shock spanwise location)/b

s = entropy, b (p/Ds) — v{p/p)

o =angle of attack

A = wing sweep angle measured from normal to wing
centerline

o = density

IT', =(z component of total crossflow plane circula-
tion)/bc,,

Subscript

oo = freestream conditions

Introduction

Miller and Wood! have classified the experimentally
observed flowfields occurring on delta wings into six
different regimes as shown in Fig. 1. These regimes can
be divided into three types of flow structures; those which are
dominated by a strong leeside vortex, indicated by the dotted
region in Fig. 1, those which feature a strong crossflow shock
and the remaining regime which exhibits a separation bubble
at the wing tip. Euler solutions for delta wings have been ex-
tensively studied and a review of this work is provided in Ref.
2. These solutions exhibit two types of structures; separated
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solutions which feature a large leeside vortex and attached
solutions which are dominated by a leeside crossflow shock.
Separated solutions are adequate engineering tools for predict-
ing lift, surface pressure, and total pressure loss of the vortex
dominated flows illustrated by the dotted regions in Fig. 1.
However, the conditions under which computation yields a
separated solution have not been systematically studied, and it
is not clear that the domain of the computed separated solu-
tion coincides with the dotted area in Fig. 1. In fact, numerical
experiments using wings of varying thickness, different
meshes, varying levels of artificial viscosity and upwind as op-
posed to centrally differenced schemes show conflicting solu-
tion types for the same problem.?-> The purpose of this Note is
to examine the conditions under which the separated solutions
form, trace the evolution of the separated solution, and study
the numerical factors which influence inviscid solution type.

Numerical Results

The flow over a delta wing is calculated by solving the
steady Euler equations using a Godunov type scheme. The
solution is obtained by marching along the delta wing center-
line, starting from a uniform axial flow. This marching proce-
dure is only valid for flowfields in which the axial component
of velocity remains supersonic everywhere. On a conical body,
the solution converges to a conically similar flow. Three varia-
tions of the Godunov method have been used. The complete
Godunov scheme is a second-order Godunov scheme based on
the complete Riemann problem. The approximate Godunov
scheme is a second-order scheme which replaces the complete
problem with an approximate one. The first-order Godunov
scheme is based on the complete Riemann problem. Calcula-
tions have been completed using an elliptic, body-fitted coor-
dinate system and a fitted bow shock. Details of the numerical
scheme are provided in Ref. 6, and a more extensive descrip-
tion of the numerical results is provided in Ref. 7.

Domain of Attached and Detached Flow
The influence of Mach number and incidence on the occur-
rence of attached and separated flow is explored in Fig. 1 for
zero-thickness wings. A boundary dividing the attached and
separated solutions for the complete Godunov scheme is

A ATTACHED SEPARATED

ay = tan ! (tan a/cos A)

My = Mcos A {1 + sina tan 2a)’

Fig. 1 Computed and measured flowfield type on a delta wing.
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shown. The specific calculations used to construct this bound-
ary are indicated by the symbols in this figure. This boundary
has been computed using a 24 X 72 mesh and delta wings with
A = 70 deg and 75 deg and is sensitive to mesh size and scheme
type. For example, at «,, = 25 degona A = 75-deg wing, this
boundary is located at M, = 0.83 for a complete Godunov
solution on a 24 x 72 mesh. Refining the mesh to 48 x 144
changes the transitional M, of 0.80, while using the approxi-
mate Godunov solver with a 24 X 72 produces a transitional
M,y of 0.75. for «,, > 22 deg, this boundary approximates the
experimentally observed transition between the vortex domi-
nated and shock dominated flow structures. At lower inci-
dences these regimes are separated by the regime featuring a
separation bubble at the wing tip. An attached solution with a
crossflow shock is calculated for much of this region, even
though M, < 1. This shock is a result of a strong expansion
which occurs about the wing tip yielding M, > 1 on the leeside
of the wing near the tip.

STEP= 12000

STEP= 32000

STEP= 54000

Fig. 2 Flowfield evolution on a 48:1 elliptic delta wing, M =2.68,
a=6.88 deg, 48 X 144 mesh; Mach contour, === streamline.
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Fig. 3 Crossflow Mach number contours and streamlines on a 48:1
elliptic delta wing, M =4.4, «=6.88 deg, 48 X 44 mesh; Mach
contour, = streamline.

—

ZONE 1

Fig. 4 Computational zone structure.

Flowfield Evolution

The evolution of a separated flowfield on a 48:1 elliptic
delta wing, A = 75 deg, at M = 2.68 and o = 6.88 deg is
traced in Fig. 2. Early in the calculation a crossflow shock
forms on the lee surface of the wing near the tip. As the com-
putation progresses, this shock moves inboard to a temporary
equilibrium position, step 12,000. A vortex forms behind the
shock creating a separated flow region which pushes the cross-
flow shock outboard toward the wing tip, step 32,000. As the
crossflow shock moves outboard, its length decreases, and at
the wing tip it collapses into a singular point. This leaves a
leeside flowfield containing a large vortex, step 54,000. A
weak shock is visible above and inboard of the vortex. The sin-
gular point features peak surface entropy and vorticity levels,
and is the location at which the crossflow velocity reverses.

Repetition of the calculation of the elliptic wing shown in
Fig. 2 at M = 4.4 leads to an attached solution, as is illus-
trated in Fig. 3. The evolution of this flowfield parallels the in-
itial development of the separated case. A crossflow shock
forms near the leeside wing tip and moves inboard to an equi-
librium position. However, a strong vortex does not form
downstream of the shock. This prevents the crossflow shock
from being displaced to the wing tip, and precludes formation
of the separated solution. The absence of a strong vortex can
be traced to the weak crossflow shock, with M, = 1.4. By con-
trast, the separated solution of Fig. 1, step 12,000, has a maxi-
mum M, of 2.1. This stronger shock generates greater circula-
tion which leads to a large vortex, and the separated flowfield.

The separated solution forms later in a calculation as the
boundary in Fig. 1 is approached from the left. For example,
on a 24 x 72 mesh, case A and B of this figure separate in 400
and 24,000 steps, respectively. When the separation occurs
early in a calculation, the shock-vortex interaction is located in
a very small region near the wing tip and is difficult to detect.
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Fig. 5 Influence of accuracy on the solution of a 6:1 elliptic delta wing, M =2.68, «=6.88 deg.

Table 1 Flowfield circulation and shock location
vs scheme accuracy on a 6:1 elliptic delta wing,
A=15 deg, at M =2.68 and a =15 deg

Run Scheme Zone 1 Zone 2 Zone 3 Ir,
1 Complete 2nd 2nd 2nd 1.197
2 Complete 1st 2nd 2nd 0.757
3 Complete 2nd Ist 2nd 1.513
4 Approx. 2nd 2nd 2nd 0.854
5 Approx. 1st 2nd 2nd 0.445
6 Approx. 2nd 1st 2nd 1.142

Solution Accuracy and Vorticity Production

The preceding results indicate that the detached flowfield
arises from a shock-vortex interaction, but that the domain of
such a calculation type is sensitive to the details of the numeri-
cal solution, including mesh size and numerical scheme. These
findings are consistent with those of other studies where solu-
tion type is observed to change with mesh refinement, artifi-
cial viscosity level, and scheme type.**® To examine the influ-
ence of numerical accuracy on solution type, a 6:1 elliptic
delta wing is considered. The tip radius of this wing is large
enough to permit the tip region to be resolved, allowing the in-
fluence of numerical accuracy in different regions of the
flowfield to be assessed. This accuracy study is accomplished
by dividing the computational domain into three regions
shown in Fig. 4. Zone 1 contains the crossflow shock and
leeside vortex, zone 2 surrounds the wing tip, while zone 3
consists of the windward portion of the flowfield. The numeri-
cal scheme can be reduced to first order in selected zones.
Table 1 lists LT, for a number of different runs using a 48 x
144 mesh and the approximate Godunov and complete
Godunov schemes. Almost all of the circulation listed in this
table is located within the vortex.

The base line vorticity level is obtained using second-order
accuracy everywhere, cases 1 and 4. Decreasing the accuracy
in zone 1 to first order, cases 2 and 5, decreases IT',, while a
similar decrease in zone 2 increases LT ,, cases 3 and 6. Table 1

also indicates that the shock is located further outboard for
larger values of XI'; indicating that increased vorticity genera-
tion leads to a stronger shock-vortex interaction.

An explanation for the behavior of IT'; in Table 1 is pro-
vided by Fig. 5. In the second-order everywhere calculation,
supersonic contours are visible inboard of the crossflow
shock. This indicates the presence of a vortex strong enough to
induce supersonic crossflow velocities. Making the calculation
first order in zone 1 increases solution dissipation in the
neighborhood of the vortex which reduces vortex strength and
eliminates regions of supersonic M, inboard of the crossflow
shock. Decreasing solution accuracy in the tip region, zone 2,
results in spurious entropy generation near the wing tip, as
shown in Fig. 5. These errors are convected to the crossflow
shock, changing properties on the outboard side of the shock,
thereby increasing vorticity production at the shock.

Influence of Numerical Accuracy on Solution Type

Improved accuracy can increase or decrease vortex strength
on smooth shapes. The key consideration is where these
changes occur. The same trends can be anticipated for thin
wings, but here changes in flowfield circulation may also alter
solution type. In particular, changes in accuracy which lead to
increased flowfield circulation on smooth shapes should pro-
mote separated solutions.

The influence of zone 1 accuracy on solution type for thin
wings is examined by performing computations on a zero
thickness wing at M = 2.90 and o = 6.88 deg using a 24 x 72
mesh. These conditions lie close to the dividing line between
the attached and separated solutions shown in Fig. 1. The
resulting solution is attached if zone 1 is first order, but sepa-
rated for a fully second-order calculation. These cases parallel
cases 1 and 2, or 4 and 5, of Table 1 and consistent results are
obtained. The attached solution corresponds to case 2 or 5
which exhibits the lower circulation.

The effect of diminishing solution accuracy in the tip region
of a thin delta wing is illustrated by considering wings with
varying ellipticity. Reduction in wing thickness decreases wing
tip resolution and tip region solution accuracy without signifi-
cantly altering the mesh or solution accuracy in the vicinity of
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Table 2 Solution type on delta wings of varying ellipticity
and A = 15 deg at M = 2.68 and o = 6.88 deg

Mesh Wing 12:1 24:1 48:1 Zero thickness
12x 36 Attached Attached Attached Separated
24x72 Attached Separated Separated Separated

48 x 144 Attached Attached Separated Separated
96 % 288 Attached Attached Separated Separated

the crossflow shock and leeside vortex. Table 2 illustrates solu-
tion type for these wings at M = 2.68. For each mesh, decreas-
ing the wing thickness results in transition from an attached to
a separated solution. These observations are consistent with
cases 1 and 3, or 4 and 6, of Table 1. Here increased tip error is
seen to increase the flowfield circulation, which in the case of
a thin wing, promotes separation.

Concluding Remarks

This study has examined the conditions under which sepa-
rated and attached Euler wing solutions occur and has traced
the evolution of each flowfield type. In addition, a numerical
study on the effect of accuracy on the solution type has been
concluded. Based on these results the following conclusions
can be drawn: 1) Euler solution type is determined by a tran-
sient shock-vortex interaction. A separated solution occurs in
response to the formation of a strong crossflow shock. 2) The
Mach number and incidence range for which attached and sep-
arated Euler solutions occur is qualitatively similar to the
vortex and crossflow shock dominated regimes observed in ex-
periment. However, the location of the boundary between
these two types of solutions is sensitive to numerical scheme
and mesh size. 3) Euler solution type is influenced by a balance
among the errors committed at different locations in the
flowfield, not by error level alone. Decreased accuracy on the
leeside of the wing promotes attached solutions, while de-
creased accuracy near the tip favors separated solutions. The
last conclusion bears upon the differences noted in the per-
formance of central and upwind schemes.> These methods add
a different balance of errors to the tip and lee regions of the
flowfield.
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Introduction

AST experiences in solving inviscid flows by the Euler

equations provide many opportunities for exploring pos-
sible Navier-Stokes solvers. The finite-volume spatial dis-
cretization with the Runge-Kutta time-stepping scheme devel-
oped for the Euler equations has been successfully extended by
Swanson and Turkel! to the computation of viscous flows.
Their formulation for the finite-volume scheme is of the cell-
centered type, where the flow quantities are associated with
the center of a cell in the computational mesh and the fluxes
across the cell boundaries are calculated using arithmetic
means of values in the adjacent cells. The main advantage of
the finite-volume method is its flexibility of treating arbitrary
geometries. The cell-centered scheme loses its accuracy with
grid stretching and skewness.? The nodal point discretization,
where the flow quantities are ascribed to the corners of the
cell, can give better accuracy for the highly stretched and
skewed grids?? that are necessary for viscous flow computa-
tions. The surface boundary conditions can be satisfied ex-
actly at the vertices along the body surface, and the pressure
on the wall can be computed directly by this scheme, whereas
an extrapolation is necessary if one uses the cell-centered
scheme. A nodal point finite-volume space discretization
scheme®* has been used here to solve the two-dimensional
Reynolds-averaged Navier-Stokes equations with a thin-layer
type of approximation and a simple two-layer algebraic® eddy
viscosity model. In the present work, the efficiency of the
Runge-Kutta scheme and the benefit of convergence accelera-
tion techniques have also been utilized. The results obtained
for turbulent flow past a NACA 0012 airfoil have been com-
pared with available numerical and experimental results.

Governing Equations and Boundary Conditions

The Navier-Stokes equations representing the conservation
laws have been considered here in integral form! for its ability
to treat flow discontinuities automatically. To complete the set
of equations for a compressible fluid, a thermodynamic equa-
tion of state, Stokes’ hypothesis, and Sutherland’s law have
been considered along with the constant Prandtl number as-
sumption.>*

For turbulent flows the compressible Reynolds-averaged
Navier-Stokes equations exhibit a term by term correspond-
ence with their laminar flow counterparts, except that the
stress tensor is augmented by the Reynolds stress tensor and
the heat flux vector is augmented by the additional turbulence
heat flux. To close the time-averaged equations in turbulent
flow, the two-layer algebraic eddy viscosity model of Baldwin
and Lomax® has been used.

The boundary conditions are that the velocity components
must be zero (no slip) at the body surface, and the wall tem-
perature is either prescribed or its normal derivative is zero
(adiabatic wall, present case). A continuity condition has been
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